The author discussed questions of the type treated here at various times with his friend Tadasi Nakayama. There had been plans of a collaboration between Nakayama and him in an effort to broaden our knowledge of the part of the character theory on which this present work is based. Nakayama's untimely death destroyed the hope of such a collaboration. I wish to dedicate this paper to his memory. § 1. Introduction
In a previous investigation [1] , the author has studied finite groups © of an order g = pgo where p is a prime and go an integer not divisible by p. This work has been continued by H. F. Tuan [51 Let t denote the number of conjugate classes of ® which consist of element of order p. Tuan dealt with the groups ® for which t^2 and which have a faithful representation of degree less than p -1. We shall assume here that ί>3.** We shall also suppose that ® does not have a normal subgroup of order p. We state here two results. We shall show (Corollary, Theorem 1) that if 7 is a faithful irreducible character of ® of degree n which has T>1 conjugates over the field of the go-th roots of unity, then n> ^T~mp"\ In Theorem 2, we assume that ® has an irreducible faithful representation of degree n<p~l.
It is then shown that
Thus for a fixed t, only finitely many primes p are possible. In a later paper, S. Hayden and the author will study small values of t and give further extensions of the results. § 2. Preliminaries
Let © be a finite group of order g^pgo where p is a fixed prime and where g Q is an integer not divisible by p. Let φ be a ^-Sylow subgroup of ®. The centralizer &(φ) and the normalizer 9?0β) of φ then have the form (2.1) δ = S(P)=φx», 9? = 9?(P) = < (φ),
Here, 55 is a group of order υ prime to p and M is an element whose order m over S(φ) divides p-1.
If we set (2.2) p-l = mt, t is the number of conjugate classes of © which contain elements of order p.
Distribute the irreducible characters of $ into classes F o , F u . . . , F/_i of characters associated in 5W. It is shown in [1] that © has / ^-blocks Bo, B\,
. . . , Bι-ι of full defect, and we have a one-to-one correspondence F λ ->Bχ.
Let 0 λ be a character belonging to F λ and suppose that F λ consists of r λ characters, i.e. that the inertial group of θ\ has index n in 9?. Then τ λ |m; we set (2.3) m so that (2.2*) p-l = mχh, U=0, . . . ,/-l).
The degree of 0 λ will be denoted by / λ = 0 λ (l).
As shown in [1] , J5 λ consists of ra λ u non-exceptionaΓ' characters Co 
t = l
With each ηt, the conjugate complex number rji appears in {771,^2,... :ot).
We shall use the notation (2.9) Vi = Vi"
We also give some formulas for the multiplication of the 77/. These can be proved easily directly, but we apply a group theoretical method. We now have Since the sign associated with each ψ^ is +1, the tree corresponding to bχ is a "star" whose center corresponds to the set of exceptional characters while each free end point corresponds to a ψi λ) . This shows that the modular irreducible characters φ\ X) of b λ are simply the restrictions of the ψi λ) to the set of ^-regular elements / = 0, 1, 2, . . . , ntχ -1. The chief indecomposable character Φ^ corresponding to φ\ X) then is given by (3.6)
It also follows that, for ^-regular elements <;G51, we have
Taking the element 1 in (3.6) and using (3 A) and (2.2), (2.3) we obtain
{3 B) The character Φf ] has the degree pτxf λ .
The next statement is also an immediate consequence of (3.6) We conclude § 3 with the proof of three lemmas concerning the products of the characters of 9ΐ.
?y λ) is a sum of exceptional characters.
Indeed, it can be seen from (3.3) that, for ί =fc./' (mod f), £f 
Γ=l r=l
If we now apply (4.4) with any k, we see that (4.2 a) holds in general. In 
.
l l
The first statement is obvious since h^r is the multiplicity of
The second statement is a consequence of (4.5) and (4.6).
Our next aim is to give an estimate for the number H. We shall now make the following assumptions:
(I). t^3
(II). There does not exist a normal subgroup $ of (S such that ($/$ is isomorphic with the met acyclic group ^lρ,t of order p(p -l)/t*.
Suppose that in We may therefore assume that (4.1) for λ = 0 reads
Since ί>3, we can choose imj (mod t) in (4. On the other hand, on account of (4.1), we have In the case ε (λ) = -1, the second summand can be deleted. In either case we set (4.9) £=Σ««rW«.
cc, r
Then our result shows that 
Here, n is the degree of the exceptional characters Xf\ § 5. 
If we set and that $φ is a normal subgroup of index m in ®.
We assume now that 1 is a faithful character of ®.
We now use induction with regard to m to prove that 2.
where μ is one of the values 0, . . . , πi\ -1.
Suppose that ® has a normal subgroup $ for which Φ)/® -Ήp,t.
As in §5 we see that ffφ is a normal subgroup of index m in (S and that $c$.
It is also clear that the irreducible constituents of X\^ lie in the r λ blocks B* of $φ determined by the r λ associates of θT'. All irreducible characters n* of B$ have the same degree n* and there is exactly one non-exceptional character C μ * in B*. Since n*<p-l, 
This is clearly impossible, since η ίt 7j 29 . . . , w are distinct and ί^3. Hence
It is now easy to see that the first case is impossible. Indeed, in this case, R=0 by (4.9), while (4.10 a) shows that R*0.
Suppose then that we have Case 2. By (6.2 b)
Since mx^m^ip-l)/3, the assumption n <p -1 implies that r λ =/ λ = 1. Thus, On the other hand, if H^t-2, (5.10) yields p -l£t\t -2) + 2 t = f -2 f + 2 ί <ί 3 -t.
Γhis completes the proof of Theorem 2. We also have THEOREM 2*. //* © has center 1, ίfeg inequality (6. l) m Theorem 2
replaced by
The same is true, if the degrees of the exceptional characters in the principal pblock of (S are different frpm p -f {p -l)/t.
